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Stability properties of the zero solution of a scalar ordinary differential equation
are studied using functions, called fences, which act as bounds to the solutions of
the differential equation. It is shown, under simple restrictions, that these fences
are bounds for the solutions of the perturbed differential equations as well. Hence
one finds that total stability of the zero solution of a scalar ordinary differential
equation is equivalent to the existence of these functions.  2001 Academic Press
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1. INTRODUCTION
Total stability is the study of the stability of the zero solution of
Ž .x f t, x under perturbations of initial conditions as well as perturba-
tions of the right hand side of the differential equation. One reason for the
study of total stability is that the differential equations used in modeling
physical phenomenon are approximations of the actual phenomenon and
are thus perturbations of the natural phenomenon.
 Many results have been obtained concerning total stability 6, 7, 10 . The
 following result that motivated much of this paper was given by Malkin 6 .
Ž .Roughly speaking, Malkin showed that if f t, x satisfies a local Lipschitz
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condition in x uniformly in t then the uniform asymptotic stability of the
Ž .zero solution of x f t, x implies the uniform total stability of the zero
Ž .solution of x f t, x . To prove this result Malkin used a Liapunov
Ž .function which reflected the properties of f t, x in that it satisfies a local
 Lipschitz condition in x uniformly in t. Auslander and Seibert 2 showed
for the autonomous system that the total stability of the zero solution was
equivalent to the existence of contracting sets that were uniformly asymp-
totically stable. This was done using the theory of prolongations of the zero
 solution. The work by Auslander and Seibert 2 was later extended by
 Salvadori and Schiaffino 11 to the case of periodic nonautonomous
systems. Salvadori and Schiaffino showed that the assumption of uniform
asymptotic stability used by Malkin can be weakened to that of uniform
contracting sets. Now in both the autonomous and the nonautonomous
cases the authors assumed that the right hand side satisfied a local
Lipschitz condition in x which is uniform in t. This is not restrictive in the
autonomous case since this case by definition is independent of time.
However, this assumption is not valid for a large class of nonautonomous
systems which are totally stable. For example, consider the differential
equation given by
x sin xt .
The right hand side does not satisfy a local Lipschitz condition in x
uniformly in t since the partial derivative of sin xt with respect to x
satisfies
sin xt  t cos xt .Ž . x
 Hence, neither the result of Malkin 6 nor the result of Salvadori and
 Schiaffino 11 cited above could be used in this case to show that the zero
solution is uniformly totally stable. It is shown later in this paper that the
zero solution of x sin xt is uniformly asymptotically stable and uni-
Ž . Ž .formly totally stable. To do this, we construct two functions,  t and  t ,
which are bounded for all time and which will be used to bound the
Ž .solutions for all time. The function,  t , will lie in the first quadrant and
will satisfy for some  and for some T 0 the inequality given by2
  t  sin t t   , t T . 1.1Ž . Ž . Ž .2
Ž .the function,  t , will lie in the fourth quadrant and will satisfy, for the
same  and T , the inequality given by2
 t  sin t t    sin t t   , t T . 1.2Ž . Ž . Ž . Ž .2 2
then, by applying the comparison theorems of Lakshmikantham and Leela
 5 one finds that these functions form a funnel out of which solutions
cannot escape. The fact that these fences are bounded for all time shows
Ž .that the zero solution of x f t, x is uniformly asymptotically stable.
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Ž . Ž . Ž . Ž .The fact that   t and  t satisfy the above inequalities 1.1 and 1.2
shows that the zero solution is uniformly totally stable. See Example 1.
Ž . Ž .This paper shows that if there are functions  t and  t such that for
some T  01
  t  0  t   , t TŽ . Ž . 1
and whose derivatives satisfy for some T  T  0 the inequalities given2 1
by
  t  f t ,  t   , t T 1.3Ž . Ž . Ž .Ž . 2 2
and
 t  f t ,  t   , t T 1.4Ž . Ž . Ž .Ž . 2 2
Ž .then the zero solution of x f t, x is totally stable. Now, the Equiva-
lence Theorem, Theorem 5 which is presented in the third section, shows
Ž . Ž . Ž . Ž .that the existence of  t and  t satisfying 1.3 and 1.4 , respectively, is
Ž .equivalent to the total stability of the zero solution of x f t, x . Note
that the hypothesis above does not depend on the use of a local Lipschitz
condition in x which is uniform in t. The proof of the Equivalence
 Theorem makes use of Theorem 3, given by Hubbard and West 4 , which
is an extension of the comparison theorems given by Lakshmikantham and
  Ž . Ž .Leela 5 . This theorem says that if the above inequalities 1.3 and 1.4
are indeed satisfied then every solution which is in the interior of the
Ž . Ž .funnel formed by  t and  t can never leave the interior of this funnel.
Ž . Ž .This fact combined with the fact that  t and  t were chosen to be
small enough for all time gives the desired result of total stability. This
concept will be used in the proofs of the theorems presented in the fifth
section. These theorems show that if the right hand side of the differential
equation satisfies some general conditions then the zero solution of
Ž .x f t, x is totally stable. In fact in Theorem 6 we show that if the
Ž . Ž .limiting function g x  lim f t, x satisfiest
g x  0, x 0Ž .
g x  0, x 0Ž .
then the zero solution is uniformly totally stable. This will be shown by
Ž . Ž .choosing  t and  t to be horizontal functions. Now in Theorem 7 we
Ž .show that if the signs of g x above are reversed then the zero solution is
not totally stable. This is also shown again by using functions, although this
time the functions will be used to force the solutions of every perturbed
differential equation away from the zero solution. Now, appropriate exam-
ples will be given throughout to depict the concepts presented in the
preceding theorems.
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Ž .Throughout this paper assume that f t, x is scalar in x and satisfies
Ž .appropriate conditions so that solutions of x f t, x exist and are
 unique. Our results reflect some of the work done in 1 .
2. PRELIMINARIES
Consider the differential equation
x f t , x , 2.1Ž . Ž .
  where f	 C  D, and where D
 is an open bounded set which
contains the origin. Assume that
f t , 0  0.Ž .
Ž .Denote the perturbation of 2.1 by
x  f t , x  h t , x , 2.2Ž .Ž . Ž .p p p
   Ž . Ž .where h	 C  D, and denote by x t, t , x the solution of 2.2p 0 0
Ž .through t , x .0 0
2.1. Definitions
  Ž .DEFINITION 1 8 . The zero solution x 0, of 2.1 is asymptotically
stable if for each  0 and for any x in the region of attraction and0
Ž . Ž .t  0 there exists T  , t , x  0 such that the solution x t, t , x0 0 0 0 0
satisfies
x t , t , x   for all t t  T .Ž .0 0 0
  Ž .DEFINITION 2 8 . The zero solution, x 0, of 2.1 is uniformly asymp-
totically stable if in Definition 1, T depends on  only.
  Ž .DEFINITION 3 8 . The zero solution, x 0, of 2.1 is totally stable if
Ž . Ž .for each  0 and t  0 there exists  t ,   0 and  t ,   0 such0 1 0 2 0
  Ž .that for each x   and for each h t, x satisfying0 1
 h t , x   for each t t and for each x  Ž . 2 0
Ž . Ž .the solution x t, t , x through t , x satisfiesp 0 0 0 0
x t , t , x   for every t t .Ž .p 0 0 0
  Ž .DEFINITION 4 9 . The zero solution of 2.1 is said to be uniformly
totally stable if in Definition 3 of total stability  and  are independent1 2
of t .0
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  Ž .DEFINITION 5 4 . For the differential equation 2.1 call a piecewise
continuous function
Ž . Ž .1  t a strong lower fence if for a fixed Dini derivative
D t  f t ,  t for every t t 2.3Ž . Ž . Ž .Ž . 0
Ž . Ž .2  t a strong upper fence if for a fixed Dini derivative
D t  f t ,  t for every t t , 2.4Ž . Ž . Ž .Ž . 0
where the left hand and right hand Dini derivatives must satisfy the
appropriate inequalities at the corners.
  Ž .DEFINITION 6 4 . If for the differential equation 2.1 there exists a
Ž . Ž .t-interval I over which  t is a strong lower fence and  t is a strong
Ž . Ž .upper fence such that  t and  t satisfy
 t   t , t	 IŽ . Ž .
Ž .then the set of points t, x for t	 I with
 t  x  t 2.5Ž . Ž . Ž .
is called a funnel.
2.2. Theorems. The following two theorems are given by Lakshmikan-
 tham and Leela 5 and are concerned with comparison results.
  Ž . 2  THEOREM 1 5 . Let E be an open t, u -set in  and f	 C E, .
 .Suppose that t , t  a is the largest interal in which the maximal solu-0 0
Ž . Ž . Ž .  Ž Ž ..tion r t of 2.1 exists. Let m	 C t , t  a , , t, m t 	 E for t	0 0
 .t , t  a ,0 0
m t  x 2.6Ž . Ž .0 0
and for a fixed Dini deriatie,
Dm t  f t , m t , 2.7Ž . Ž . Ž .Ž .
 .where t	 t , t  a . Then,0 0
m t  r t , t	 t , t  a .Ž . Ž . .0 0
 THEOREM 2 5 . Let the hypothesis of Theorem 1 hold except that the
Ž . Ž .inequalities 2.6 and 2.7 are replaced by
m t  xŽ .0 0
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and
Dm t  f t , m t ,Ž . Ž .Ž .
respectiely. Then
m t   t , t	 t , t  a ,Ž . Ž . .0 0
Ž . Ž .  .where  t , the minimal solution of 2.1 , exists on t , t  a .0 0
 The following theorem by Hubbard and West 4 is an extension of the
 comparison theorems of Lakshmikantham and Leela 5 . It shows that the
inequalities in Theorem 1 and Theorem 2 can be made strict. The strict
inequalities will be used to show total stability.
  Ž . Ž .THEOREM 3 4 . Suppose that  t and  t are strong upper and lower
fences respectiely such that
 t   t , t t .Ž . Ž . 0
Ž . Ž . Ž .Then for any t , x in which  t  x   t it follows that0 0 0 0 0
 t  x t , t , x   t , t tŽ . Ž . Ž .0 0 0
Ž .for all t where x t, t , x is defined.0 0
The following theorem of continuous dependence given by Coddington
  Ž .and Levinson 3 is used to show that the solutions of 2.2 stay small on
intervals of fixed length in time whenever the initial conditions of the
solutions are sufficiently small.
  Ž . Ž .THEOREM 4 3 . Let f	 C, Lip in a domain D of the t, x space, and
Ž .suppose that x t, t , x is a solution on the interal a t b. Then gien any0 0
Ž  . Ž . 0 there exists  a, b ,   0 such that for any t , x with0 0
  t 	 a, b and x  0 0
Ž .the solution through t , x satisfies0 0
 x t , t , x   , t	 t , b .Ž .0 0 0
3. EQUIVALENCE THEOREM
The first theorem presented is the Equivalence Theorem. This is the
basic theorem relating fences and funnels to the total stability properties
Ž . Ž .of the zero solution of 2.1 . Theorem 5 says that the zero solution of 2.1
is totally stable if and only if there exists fences which satisfy certain
inequalities and remain small for all time.
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Ž .THEOREM 5. The zero solution of 2.1 is totally stable if and only if for
Ž . Ž .each  0 there exists two functions  t and  t and two constants  0
and  0 with the following properties
Ž .i there exists T 0 and an x  0 such that for eery t T ,1
Ž . Ž .  t, T ,x  0  t, T , x  1 1
Ž . Ž Ž . Ž Ž ...ii lim inf   t  f t,  t   0t
Ž . Ž Ž Ž .. Ž ..iii lim inf f t,  t   t   0,t
Ž . Ž . Ž .where  t, T , x is the function  t with initial conditions T , x and2 2
Ž . Ž . Ž . t, T , x is the function  t with initial conditions T , x where x 1 1 1
0 x .2
Proof. The proof of the necessary conditions is presented first. To
begin, construct upper and lower fences from solutions to a perturbed
differential equation. Then it will be shown that these fences do indeed
satisfy the properties in the hypothesis above.
Ž .Suppose that the zero solution of 2.1 is totally stable. Choose  0
Ž . Ž .and t  0. Then there exists  t ,   0 and  t ,   0 such that for0 1 0 2 0
Ž .every h t, x satisfying
 h t , x   for all t 0 and for each x  Ž . 2
one has
 x t , t , x   for every t t and for every x   ,Ž .p 0 0 0 0 1
Ž . Ž . Ž .where x t, t , x is the solution through t , x of 2.2 . Now, choosep 0 0 0 0
x  0.91 1
and let
  0.9 .2 2
Ž . Ž .Now for each t t let  t, t , x be the solution through t , x of0 0 1 0 1
  f t ,    .Ž . 2
Ž .Then since 0 x   and h t, x     and since the zero solution1 1 2 2
is unique it follows that
0  t , t , x   for every t t . 3.1Ž . Ž .0 1 0
Ž .Now, by definition of  t ,
  t  f t ,  t   .Ž . Ž .Ž . 2
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Hence it follows that
lim inf   t  f t ,  t   .Ž . Ž .Ž .Ž . 2
t
Ž . Ž .Similarly, for each t t let  t, t ,x be the solution through t ,x0 0 1 0 1
of
 f t ,    .Ž . 2
Ž .Then, by definition of  t
lim inf f t ,  t   t   .Ž . Ž .Ž .Ž . 2
t
Ž .Also, as before, since 0x  and h t, x     and since1 1 2 2
the zero solution is unique it follows that
0  t , t ,x  , t t . 3.2Ž . Ž .0 1 0
Ž . Ž .Now, by 3.1 and 3.2 it follows that
  t , t ,x  0  t , t , x   for every t t .Ž . Ž .0 1 0 1 0
So the proof of the necessary conditions is complete.
Now the proof of the sufficient conditions is presented. One need only
show that the fences indeed do bound the solutions to the perturbed
differential equation where the perturbation is small for all time. This will
Ž . Ž . Ž .be done using properties ii and iii from the hypothesis. Property i will
Ž .be used to show that the fences do form a funnel for the solutions of 2.1 .
Ž . Ž . Ž .Now, assume that properties i , ii , and iii from the hypothesis hold.
Choose  0 and t  0.0
Ž .Now, by property i there exists x  0 and T  0 such that1 1
  t , T ,x  0  t , T , x   for every t T . 3.3Ž . Ž . Ž .1 1 1 1 1
Define
 
 min , .2 ½ 52 2
Ž . Ž .Then, by ii and iii there exists T  T such that2 1
  t  f t ,  t   for every t T 3.4Ž . Ž . Ž .Ž . 2 2
and
 t  f t ,  t   for every t T . 3.5Ž . Ž . Ž .Ž . 2 2
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Ž . Ž . Ž .  So by 3.3 , 3.4 , 3.5 , and by Theorem 3 it follows that for every x  x0 1
  t , T , x  x t , T , x   t , T ,x Ž . Ž . Ž .2 1 p 2 0 2 1
for every t T . 3.6Ž .2
Ž  .Now, by continuous dependence there exists  0, T ,   0 such that1 2
 for every x  0 1
 x t , 0, x  x   for every t	 0, T . 3.7Ž . Ž .p 0 1 2
Let
 min x ,  .½ 51 1
Ž .So for any h t, x such that
 h t , x   for every t 0 and for every x  Ž . 2
Ž . Ž . Ž .it follows by 3.6 and 3.7 that the solution x t, t , x satisfies for everyp 0 0
 x  0 1
 x t , t , x   , t t .Ž .p 0 0 0
 Hence for every x  0 1
x t , t , x   , for every t t .Ž .p 0 0 0
Ž .Thus the zero solution of 2.1 is totally stable. The proof is complete.
Remark 1. Now, the above proof never required that the differential
equation satisfy a local Lipschitz condition in x which was uniform in t.
 So, this method can be used where the method of Malkin 6 , as presented
in the Introduction, failed. It is noted that the Equivalence Theorem,
Theorem 5, says that if the zero solution of a differential equation is
totally stable then upper and lower fences must exist which stay small for
all time. This was shown independently of the type of differential equation
being used with the one exception that these were all proved for scalar
differential equations with unique solutions. Note that the local Lipschitz
Ž . Ž .condition of f t, x in x which need not be uniform in time is enough to
give uniqueness of solutions. So, the assumption of uniqueness of solutions
is not too strict.
Example 1 depicts the use of the Equivalence Theorem in showing that
the zero solution of x sin xt is totally stable. In fact it will be shown
that the zero solution of x sin xt is uniformly totally stable. Hubbard
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 and West 4 give a family of upper and lower fences which show that the
zero solution of x sin xt is uniformly asymptotically stable. So we see
that this gives an example of a differential equation which could not be
 handled by the previous methods of Malkin 6 and Salvadori and Schi-
 affino 11 .
EXAMPLE 1.
x sin xt . 3.8Ž .
Choose 1  0 and fix t  0.0
 4Let the sequence t satisfy for each n	n n1
2n 16 	 Ž .
 . 3.9Ž .
t 2n
Then for each n	
2n 16 	Ž .
t  . 3.10Ž .n 2
Ž .Note that for each n	 one has that 2n 16 	t is an isocline
satisfying
2n 16 	 1Ž .
sin t 
t 2
Ž .and that 2n 12 	t is an isocline satisfying
2n 12 	Ž .
sin t 1.
t
So, let N	 such that
t  t  t .N1 0 N
Let
2 N 16 	 Ž .Ž .
x   .N , 1 t 2N
Ž .Now, since  1 and by 3.10
22n 16 	 2n 16 	 2 1Ž . Ž . Ž .  2ž /t 2n 16 	 8t Ž .n n
for n 1 3.11Ž .
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Ž . Ž .and so recursively define  t to lie between the isoclines 2 N 16 	t
Ž . Ž .and 2 N 12 	t as follows. A similar construction will hold for  t
Ž . Žwhich will lie between the isoclines given by  2 N 16 	t and  2 N
. Ž . 12 	t. Let the first segment of  t be the line segment with slope
1 Ž . . which begins at 
 , x and ends at 
 , x where x andN, 1 N, 1 N, 2 N , 2 N, 24

 satisfyN, 2
2 N 12 	Ž .
x N , 2 
N , 1
and where for the sake of notation

  t .N , 1 N
Ž . Ž .Then this segment of  t begins on the isocline given by 2 N 16 	t
Ž .and ends on the isocline given by 2 N 12 	t. Now, on this line
segment
1 1
  t    sin t t 3.12Ž . Ž . Ž .
4 2
Ž .since 2 N 16 	t is an isocline satisfying
2 N 16 	 1Ž .
sin t 
t 2
Ž .and 2 N 12 	t is an isocline satisfying
2 N 12 	Ž .
sin t 1
t
Ž . Ž . Ž .Note also by 3.11 and 3.12 that this segment of  t can never lie above
Ž . Ž .the isocline given by 2 N 16 	t. Now, let the next segment of  t be
Ž .the horizontal line segment which joins the points 
 , x andN , 2 N , 2
Ž .
 , x where 
 satisfiesN, 2 N , 2 N , 2
2 N 16 	Ž .
 x .N , 2
N , 2
This is possible since the isoclines are decreasing the zero as t goes to
Ž .infinity. And so on this line segment  t satisfies
1
  t  0  sin t tŽ . Ž .
2
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Ž .FIG. 1. The first two line segments of  t .
Ž . Ž . Žsince  t lies in between the isoclines 2 N 16 	t and 2 N
.12 	t. See Figure 1. Continue in this fashion for all time t t . This isN
possible since the isoclines are decreasing to zero as t goes to infinity. Now
Ž . Ž .by definition of  t it follows that for any h t, x which satisfies
 h t , x  0.2 for every t 0 and x  Ž .
one has
1
  t   sin t t  0.2 sin t t  h t ,  tŽ . Ž . Ž . Ž .Ž .
4
for every t 
  tN , 1 N
And so, let
x  sin x t h t , x . 3.13Ž .Ž .p p p
Then, by the Comparison Theorem, Theorem 2, it follows that for every x0
with 0 x  x0 N, 1
 t , 
 , x  x t , 
 , x  0 for every t 
  t . 3.14Ž . Ž . Ž .N , 1 N , 1 p N , 1 0 N , 1 N
Ž .Now, define  t to be
 t , 
 ,x  t , 
 , x , t 
 .Ž . Ž .N , 1 N , 1 N , 1 N , 1 N , 1
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Then
sin t t  sin t  t sin t t for all t 
 .Ž . Ž . Ž .Ž . N , 1
Hence
1
 t  t   sin t t  0.2 sin t t  h t , x ,Ž . Ž . Ž . Ž . Ž .
4
t 
 .N , 1
So, by Theorem 3, it follows that for all 0 x  x0 N, 1
 t , 
 , x  x t , 
 , x  0 for every t 
 . 3.15Ž . Ž . Ž .N , 1 N , 1 p N , 1 0 N , 1
Note that for each n	
4	
t  t  .n n1 
Note also that by the choice of t one hasN
4	





Ž  .Then, by continuous dependence, there exists  t , t  T ,   0 such1 0 0
  Ž . Ž .that for each x   the solution x t, t , x of 3.13 satisfies0 1 p 0 0
 x t , t , x  x for every t	 t , t  T . 3.16Ž . Ž .p 0 0 N , 1 0 0
Ž . Ž . Ž .  Then by 3.14 , 3.15 , and 3.16 it follows that for each x  0 1
 x t , t , x   , t t .Ž .p 0 0 0
 So, for each x  0 1
x t , t , x   for every t t .Ž .p 0 0 0
Ž .Note that since the isoclines are a family of curves and since h t, x and
sin xt are bounded for all time it follows that  and  can be chosen1 2
Ž .independently of t . So, the zero solution of 3.8 is uniformly totally0
stable.
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4. SUFFICIENT CONDITIONS FOR TOTAL STABILITY
Consider the two limiting functions defined for each x	 by
g x  lim sup f t , x 4.1Ž . Ž . Ž .sup
t
and
g x  lim inf f t , x . 4.2Ž . Ž . Ž .inf
t
Ž . Ž .These functions given by 4.1 and 4.2 are said to be the limiting
Ž .functions of the right hand side of 2.1 .
Ž . Ž .Assume that g x and g x exist in an extended sense when thesup inf
Ž . Ž .limit of 4.1 or 4.2 is not finite. Then consider the sign of each limiting
function as follows. Suppose that there exists  0 such that
g x  0 for 0 x Ž .sup
and that
g x  0 for 0 x .Ž .inf
Ž .Then the zero solution of 2.1 is stable. Indeed, it will be shown in
Ž .Theorem 6 that the zero solution of 2.1 is uniformly totally stable.
Ž .Note that if f t, x is autonomous, then the sup and inf limiting
Ž . Ž .functions 4.1 and 4.2 are equal. So the following results will hold for the
autonomous case as well.
Ž .THEOREM 6. If for each  0 the sup and inf limiting functions g xsup
Ž . Ž .and g x of 2.1 satisfy the following two conditionsinf
Ž . Ž .i there exists x and  such that 0 x   for which g x    sup 
  0
Ž . Ž .ii there exists x and  such that 0 x  for which g x    inf 
  0
Ž .then the zero solution of 2.1 is uniformly totally stable.
Proof. A strong upper fence which is horizontal will be constructed
along each x . It will be shown that this strong upper fence is an upper
Ž .bound for solutions of the perturbed differential equation 2.2 . Similar
comments hold for the proof using the strong lower fence.
Ž .Choose  0. Fix t  0. Then by i there exists an x with 0 x  0  
Ž . Ž .such that g x  0. Hence, there exists T x  0 such thatsup  

f t , x   0, t T x .Ž . Ž . 2
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Now, define
 t  x , t T x .Ž . Ž . 
Then
f t ,  t    t  0, t T x .Ž . Ž . Ž .Ž . 
Let    3. Then2 
f t ,  t      t  0, t T x .Ž . Ž . Ž .Ž . 2 
Ž .So for any h t, x such that
 h t , x   for every t 0 and for every x  Ž . 2
it follows that
f t ,  t  h t ,  t    t , t T x .Ž . Ž . Ž . Ž .Ž . Ž . 
Hence, by Theorem 3, it follows that for every x such that 0 x  x0 0 
Ž Ž . . Ž .the solution x t, T x , x of the perturbed equation 2.2 must satisfyp  0
0 x t , T x , x  x   for every t T x .Ž . Ž .Ž .p  0  
Ž . Ž .Similarly by ii it can be shown that there exists    0 such that for2
Ž .all h t, x with
 h t , x   for all t 0 and for every x  Ž . 2
Ž Ž . .The solution x t, T x , x satisfies for every x such that x  x  0p  0 0  0
0 x t , T x , x  x  , t T x . 4.4Ž .Ž . Ž .Ž .p  0  
Let
 x x 
kmin ,½ 52 2
and let
T  sup T x , T x . 4Ž . Ž .1  
Ž  .Then, by Theorem 4, there exists  0, T ,   0 such that for each1 1
 x  0 1
 x t , 0, x  k for every t	 0, T . 4.5Ž . Ž .p 0 1
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Now, choose
 min  ,  .½ 52 2 2
Ž . Ž . Ž .  Then it follows by 4.3 , 4.4 , and 4.5 that for each x   and any0 1
Ž .h t, x which satisfies
 h t , x   for every t 0 and for every x  Ž . 2
Ž . Ž .the solution x t, t , x of 2.2 satisfiesp 0 0
 x t , t , x   , t t .Ž .p 0 0 0
Thus,
x t , t , x   for every t t .Ž .p 0 0 0
Ž .Hence the zero solution of 2.1 is uniformly totally stable.
Ž .Remark 2. If the zero solution of 2.1 is uniformly asymptotically
stable and the right hand side is monotone in t then there must exist two
  4  4sequences x and x with x  0 and x  0 such thati i0 i i1 i i
lim x  0i
i
and
lim x  0 .i
i
Moreover the right hand side of the differential equation satisfies
lim f t , x  0Ž .i
t
and
lim f t , x  0Ž .i
t
Ž .note that this is just the hypothesis of Theorem 6 . If this is not the case
then for some   0 and for each 0 x  one sees that1 1
lim f t , x  0. 4.6Ž . Ž .
t
 4A similar inequality holds for x although the contradiction will be showni
 4for x . Now leti
t  t .01 02
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Ž .Then by 4.6 it is easy to see that for some T 0
x T , t , x  x T , t , x .Ž . Ž .01 0 02 0
Hence one sees that the zero solution of the differential equation is not
uniformly asymptotically stable. This is a contradiction. It follows then that
the right hand side of the differential equation must satisfy the hypothesis
of Theorem 6. Note that this theorem does not depend on a uniform
Lipschitz condition in time. And so under the restriction that the right
hand side is monotone in t one sees, by Theorem 6, that if the zero
solution is uniformly asymptotically stable then it is also uniformly totally
stable. Note that this is independent of a uniform Lipschitz condition in t.
Ž .Remark 3. If the zero solution of 2.1 is totally stable it may not be
 asymptotically stable. Indeed, Massera 7 provided the following example
in which the origin is totally stable but not asymptotically stable.
 EXAMPLE 2 7 . Let
x f xŽ .
be an autonomous differential equation in which
f x  0Ž .i
 4for some sequence x wherei i0
lim x  0.i
i
Assume
xf x  0, x 0 and x x .Ž . i
Then we can see by Theorem 6 that the zero solution is uniformly totally
stable. Clearly the zero solution is not asymptotically stable.
Example 3 is typical of a differential equation whose right hand side is a
Ž .polynomial in t, x and whose zero solution is uniformly totally stable.
Theorem 6 will be used to show that the zero solution is uniformly totally
stable.
EXAMPLE 3.
x tx 3  t 2 x 4  t 3 x 5. 4.7Ž .

Let  0. Then for each x with 0 x
2




and for each x where 0 x
2
lim tx 3  t 2 x 4  t 3 x 5  .
t
Ž .Hence, by Theorem 6 the zero solution of 4.7 is uniformly totally stable.
The following is an example of a nonautonomous differential equation
whose zero solution is not asymptotically stable but which is totally stable.
 As we saw above, Massera 7 gave an example of an autonomous differen-
tial equation with these characteristics. Again, Theorem 6 will be used to
show that the zero solution of the following example is uniformly totally
stable.
EXAMPLE 4.
xtg x , 4.8Ž . Ž .
where for each n	
 1 1 2n 1
x , x	 , /n 1 n 1 2n n 1Ž .
1 2n 1 1g x Ž . x , x	 , /n 2n n 1 nŽ .
1
0, x . n
So for each
2n 1
x n 2n n 1Ž .
Ž .g x satisfies
1
g x   0.Ž .n 2n n 1Ž .
Hence, for each xn
lim  tg x  0.Ž .n
t
Ž .So by Theorem 6 it follows that the zero solution of 4.8 is uniformly
totally stable.
The next theorem that is presented covers the case where for some
Ž . Ž . 0 either the inf limiting function g x of f t, x satisfiesinf
g x  0 for every x such that 0 x Ž .inf
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Ž . Ž .or the sup limiting function g x of f t, x satisfiessup
g x  0 for every x such that 0 x .Ž .sup
It will be shown that this condition is enough to prove that the zero
Ž .solution of 2.1 is not totally stable. Theorem 7 is the compliment of
Theorem 6. The proof is done by contradiction.
THEOREM 7. Suppose that there exists  0 such that one or both of the
following conditions are met
Ž . Ž .i g x  0 for eery x such that 0 x inf
Ž . Ž .ii g x  0 for eery x such that 0 x .sup
Ž .Then the zero solution of 2.1 is not totally stable.
Proof. First one assumes that the zero solution is totally stable. Then, it
is shown that for every perturbation small, there is a fence which will force
the solutions to leave the  neighborhood of the origin. This will contra-
dict the original assumption of total stability. The proof follows. Suppose
Ž .that x 0 of 2.1 is totally stable. Choose t  0 and choose  such that0
Ž .  0. Then by definition of total stability there exists  t ,  and1 0
Ž .  there exists  t ,   0 such that for each x   and all functions2 0 0 1
Ž .h t, x which satisfy
 h t , x   for every t 0 and for every x  Ž . 2
Ž .the solutions of the perturbed equation 2.2 satisfy
x t , t , x   for every t t .Ž .p 0 0 0
Ž . Ž .Assume that i holds. The proof using ii is similar. Now, for each n	
define
2
  .n n
Then for each n	 there exists
2
T  0n ž /n
Ž .such that for all x with 0 x  and for all t T the function f t, xn
satisfies
 2 n
f t , x    0.Ž .
n 2
ANDERSON AND BERNFELD270
Ž .So fix n	. Now, choose h t, x such that
2
h t , x  .Ž .
n
Ž .Then let x t, t , x be any solution ofn p 0 0
2
x t  f t , x Ž . Ž .n p n p n
Ž .  through some point t , x such that x   where  and t are0 0 0 1 1 0
Ž .already fixed. Now, a lower bound,  t , will be chosen which will show




 t  t T  x T , t , x , t T .Ž . Ž . Ž .n n p n 0 0 n4
Then,
  n n 2
0   t    f t ,  t  , t T .Ž . Ž .Ž . n4 2 n
Ž .Hence by Theorem 3 the solution x t, t , x satisfiesn p 0 0
x t , T , x T , t , x   t for every t T .Ž . Ž .Ž .n p n n p n 0 0 n
Ž .Now, since  t is a linearly increasing function there exists
Ž Ž ..T  4, x T  0 such that2, n n n p n
 T   .Ž .2, n
So it follows that
x T , t , x   .Ž .n p 2, n 0 0
Ž .Hence for all h t, x satisfying
2
  h t , x   for all t 0 and for all x  Ž . 2n
 and for all x satisfying 0 x   it follows that0 0 1
n
x T , t , x   for some T , x T , t , x  0.Ž . Ž .n p 2, n 0 0 2, n n p n 0 0ž /4
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Now, this holds for every n	 and hence contradicts the assumption
Ž .that the zero solution of 2.1 is totally stable. Thus the zero solution of
Ž .2.1 is not totally stable.
Example 5 is of a differential equation whose zero solution is not totally
stable. Theorem 7 will be called to show that the zero solution is not
totally stable.
EXAMPLE 5.
x 3 2 x
x  . 4.9Ž .2 tt
Ž . Ž .Note that the limiting functions, g x  0 g x . So one can see byinf sup
Theorem 7 that the zero solution is not totally stable. Indeed, consider the
perturbed equation
x 3 2 x x
x   for every n	.2 t nt
Fix n	. Now, for each x	
x 3 2 x x x
lim    .2ž /t n ntt
xŽ . Ž .So for some  0 and for each x	  ,  there exists T  0 such
n
Ž .that for all t T the right hand side is positive for x	 0,  and the right
Ž .hand side is negative for x	  , 0 . Hence for this fixed n	 the zero
solution of the perturbed equation is not stable. Now, this holds for every
Ž .n	 and so the zero solution of 4.9 is not totally stable.
Ž .The above methods cannot be used in the case where f t, x oscillates in
Ž .sign and is analytic in t and x. To see this, let f t, x  sin xt. Now one
Ž .cannot determine the sign of the limiting function g x or the limitinginf
Ž .function g x and thus cannot use Theorem 6 or Theorem 7. This,sup
however, does not mean that the total stability properties of the zero
Ž .solution of f t, x  sin tx cannot be determined since one can find upper
and lower fences to show that the zero solution is totally stable. See
Example 1.
Now in the above proofs, uniform total stability of the zero solution was
Žalways shown to hold. It can be shown with only a slight modification of
.the proof of the necessary part of the Equivalence Theorem that for total
stability which is not uniform, only  must depend on t . Hence one way1 0
Ž .to get total stability which is not uniform is to have the t, x space
separated as in the following example.
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EXAMPLE 6.
tx , 1 xt 1,
x where t 0. 4.10Ž .xt 2, xt 1,½
xt 2, xt1,
Now it follows that the zero solution is asymptotically stable but not
uniformly attractive since the region of attraction is not uniform in time.
For this same reason, the zero solution is totally stable but not uniformly
totally stable. To see this consider the isoclines given by
tx1 4.11Ž .
and
tx 1. 4.12Ž .








Denote these isoclines respectively by
1








  t  t  t t 1 for all t 2Ž . Ž .Ž .2 ž /tt
and
1 1
 t  t  t t   1 for all t 2.Ž . Ž .Ž .2 ž /tt
Ž . Ž .So it is easy to see that  t and  t satisfy the conditions of the
Equivalence Theorem on the region given by 1tx 1. Hence the
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Ž .zero solution of 4.10 is totally stable. Note that  must still depend on1
Ž .t . So, the zero solution of 4.10 is not uniformly totally stable.0
5. CONCLUSION
Ž . Ž .Now, in this paper we only considered the case when g x and g xinf sup
Ž . Ž .are the same sign. The case where g x and g x are not the sameinf sup
sign is quite long and hence will be covered in another paper. Also, the
extension to higher dimensions will be covered at a later time as well. The
authors hope to use similar ideas to those which were employed in this
paper. There is also much to be learned about the behavior of the zero
solution of the perturbed differential equation. It seems that the behavior
of the fences could be used to determine the stability properties of the
zero solution of the perturbed differential equation. We feel that much
can be said about the stability properties of the zero solution of both the
differential equation and the perturbed differential equation when the
fences being used are the isoclines of the right hand side of the differential
equation. We will pursue this in a later paper as well.
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